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1 Rotations as a Physical Symmetry

A spatial rotation is a linear map on R3 that preserves lengths and orientation. Equivalently, a rotation
is a real 3× 3 matrix R such that

R⊤R = I, (1.1)
detR = 1. (1.2)

The set of all such matrices is denoted

SO(3) = {R ∈ R3×3 | R⊤R = I, detR = 1 }. (1.3)

It is closed under matrix multiplication and inverses, hence it is a group under multiplication.

1.1 Infinitesimal Rotations and so(3)
Physics uses continuous rotations (we can rotate by arbitrarily small angles). So we consider a smooth
one-parameter family of rotations

R(ε) ∈ SO(3), R(0) = I, (1.4)

and expand for small ε:
R(ε) = I+ εA+O(ε2), (1.5)

for some real matrix A (the “infinitesimal generator” at the identity).

Theorem 1.1. A is antisymmetric.
A⊤ = −A

Proof. Insert (1.5) into orthogonality (1.1):

I = R(ε)⊤R(ε) = (I+ εA)⊤(I+ εA) +O(ε2)

= (I+ εA⊤)(I+ εA) +O(ε2)

= I+ ε(A⊤ +A) +O(ε2). (1.6)

Equating the O(ε) term to zero gives

A⊤ +A = 0 ⇐⇒ A⊤ = −A, (1.7)

Any infinitesimal rotation can be represented by an antisymmetric matrices. Thus the space of all
possible infinitesimal generators at the identity is

so(3) := {A ∈ R3×3 | A⊤ = −A }. (1.8)

1.2 Geometric Representation of Infinitesimal Rotations

Let εijk be the Levi-Civita symbol (ε123 = +1, fully antisymmetric). Define three matrices {Lx,Ly,Lz}
(also written L1,L2,L3) by components

(Li)jk = − εijk. (1.9)

Explicitly,

Lx =

0 0 0
0 0 −1
0 1 0

 , Ly =

 0 0 1
0 0 0
−1 0 0

 , Lz =

0 −1 0
1 0 0
0 0 0

 . (1.10)
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Any antisymmetric A ∈ so(3) can be written as a linear combination

A(ω) =

3∑
i=1

ωiLi, (1.11)

for some real vector ω = (ω1,ω2,ω3).

Theorem 1.2. Letω ∈ R3 be a vector andA(ω) ∈ so(3) be the corresponding Lie algebra element defined
by A(ω) =

∑
iωiLi. For any v ∈ R3,

A(ω)v = ω × v. (1.12)

Proof. We compute the action componentwise. For v ∈ R3, the j-th component is:(
A(ω)v

)
j
=

∑
k

(
A(ω)

)
jk
vk

=
∑
k

(∑
i

ωi(Li)jk

)
vk

=
∑
i,k
ωi(−εijk)vk

=
∑
i,k
εjikωivk = (ω × v)j. (1.13)

Since this holds for all components j, the equality is proven. This confirms that the infinitesimal rotation
generated by A(ω) acts as a cross product with the axis-angle vector ω.

1.3 Noncommutativity of Infinitesimal Rotations

Fix axes i and j and define a small rotation about axis i by

Ri(ε) := I+ εLi +O(ε
2). (1.14)

To measure the failure of commutativity, form the group commutator

Cij(ε) := Ri(ε)Rj(ε)Ri(ε)
−1 Rj(ε)

−1. (1.15)

If rotations commuted, then Cij(ε) = I. The leading deviation from I is the geometric “leftover
rotation”.

Theorem 1.3. The generators {Li} of so(3) satisfy the commutation relations

[Li,Lj] =
3∑
k=1

εijkLk. (1.16)

Physically, this matrix commutator governs the non-commutativity of infinitesimal rotations, appearing as
the leading order term in the group commutator expansion:

Ri(ε)Rj(ε)Ri(ε)
−1Rj(ε)

−1 = I+ ε2[Li,Lj] +O(ε3). (1.17)

Proof. First, to motivate the relevance of the commutator, we expand the rotation matrices Ri(ε) =
I− εLi +O(ε

2) and Ri(ε)−1 = I+ εLi +O(ε
2). Multiplying the terms up to order ε2:

Cij(ε) = (I− εLi)(I− εLj)(I+ εLi)(I+ εLj) +O(ε
3)

= I+ ε2(LiLj − LjLi) +O(ε
3)
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= I+ ε2[Li,Lj] +O(ε3). (1.18)

We now calculate [Li,Lj] explicitly using the component definition (Li)ab = −εiab. The product is:

(LiLj)ab =
∑
k

(Li)ak(Lj)kb =
∑
k

εiakεjkb. (1.19)

Using the Levi-Civita contraction identity
∑
k εiakεjkb = δijδab − δibδaj, we find:

(LiLj)ab = δijδab − δibδaj, (LjLi)ab = δijδab − δjbδai. (1.20)

Subtracting these yields the commutator components:

([Li,Lj])ab = δjbδai − δibδaj

= −
(
δaiδbj − δajδbi

)
= −

∑
k

εijkεkab =
∑
k

εijk(Lk)ab. (1.21)

Thus, [Li,Lj] =
∑
k εijkLk.

Combine (1.18) and (1.16):

Cij(ε) = I+ ε
2εijkLk +O(ε

3). (1.22)

Since I+ θLk +O(θ2) is a rotation by small angle θ about axis k, (1.22) says: do a small rotation about
i, then about j, then undo both: the net effect is another small rotation of order ε2 about the k-axis, with
orientation set by εijk.

1.4 Unitary Representation U(R) and Generators J

A rotation is a symmetry: it must preserve all probabilities. If |ψ⟩ is a state and U(R) implements
rotation R, then inner products must be preserved:

⟨ψ|ψ⟩ = ⟨U(R)ψ|U(R)ψ⟩ = ⟨ψ|U(R)†U(R)|ψ⟩ ∀|ψ⟩. (1.23)

Hence
U(R)†U(R) = I, (1.24)

so U(R) is unitary. Consistency of doing rotations in sequence requires the representation property

U(R1R2) = U(R1)U(R2), U(I) = I. (1.25)

Theorem 1.4. Let Ui(ε) be a unitary operator representing an infinitesimal rotation about axis i. If we
define the generator Ji by the expansion

Ui(ε) = I−
i
 h
εJi +O(ε

2), (1.26)

then Ji must be a Hermitian operator (J†i = Ji).

Proof. We begin with a general infinitesimal expansion Ui(ε) = I + εKi + O(ε
2). The unitarity

condition U†U = I implies:

I = Ui(ε)
†Ui(ε) = (I+ εKi)

†(I+ εKi) +O(ε
2)

= I+ ε(K†
i + Ki) +O(ε

2). (1.27)
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Comparing terms of order ε, we require K†
i + Ki = 0, or K†

i = −Ki. Thus, the generator Ki is
anti-Hermitian.

To correspond with physical observables, we adopt the convention Ki = −iJi/ h. Substituting this
into the anti-Hermiticity condition:(

−
i
 h
Ji

)†
= −

(
−
i
 h
Ji

)
=⇒ i

 h
J
†
i =

i
 h
Ji =⇒ J

†
i = Ji. (1.28)

This confirms that Ji is Hermitian. (For finite rotations, this integrates to the exponential formU(n̂,ϕ) =
exp
[
− i

 hϕ(n̂ · J)
]
).

1.5 The Angular Momentum Commutators [Ji, Jj] = i hεijkJk
We now import the geometric noncommutativity encoded in Cij(ε) into Hilbert space. Consider the
corresponding operator product

U(Cij(ε)) = Ui(ε)Uj(ε)Ui(ε)
−1Uj(ε)

−1. (1.29)

Using (1.26) and Ui(ε)−1 = Ui(−ε), expand to O(ε2):

U(Cij(ε)) =
(
I−

i
 h
εJi

)(
I−

i
 h
εJj

)(
I+

i
 h
εJi

)(
I+

i
 h
εJj

)
+O(ε3)

= I−
ε2

 h2
[Ji, Jj] +O(ε3). (1.30)

On the spatial side, we already derived (1.22): Cij(ε) is a rotation of size ε2 about axis k with coefficient
εijk. Therefore, its quantum implementation must match an infinitesimal rotation about k:

U(Cij(ε)) = Uk(ε
2εijk) = I−

i
 h
(ε2εijk)Jk +O(ε

3). (1.31)

Equate the O(ε2) terms in (1.30) and (1.31):

−
1
 h2

[Ji, Jj] = −
i
 h
εijkJk =⇒ [Ji, Jj] = i h εijkJk. (1.32)
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2 Angular-Momentum Algebra

From Section 1 we obtained three Hermitian generators Jx, Jy, Jz implementing rotations, and we now
want to classify the possible quantum states purely from their algebra, before choosing any coordinate
representation.

Postulate (Rotation algebra). We assume the generators satisfy the commutation relations

[Ji, Jj] = i h εijkJk, i, j, k ∈ {x,y, z}, (2.1)

and are Hermitian:
J
†
i = Ji. (2.2)

Measurements correspond to Hermitian operators. A Complete Set of Commuting Observables (CSCO) is
a collection of mutually commuting Hermitian operators whose joint eigenvalues label states uniquely
(up to phase). In rotational problems, the natural commuting set will include:

• a rotational invariant (the analogue of “total angular momentum magnitude”);

• one chosen component (the analogue of “projection onto a fixed axis”).

Theorem 2.1. If two Hermitian operators Â and B̂ commute ([Â, B̂] = 0) and Â is non-degenerate, then
each eigenvector of Â is also an eigenvector of B̂. Consequently, there exists a unique common orthonormal
basis.

Proof. Let |ϕn⟩ be an eigenvector of Â with eigenvalue an:

Â |ϕn⟩ = an |ϕn⟩ (2.3)

Consider the action of Â on the vector B̂ |ϕn⟩. Using the commutation property ÂB̂ = B̂Â:

Â(B̂ |ϕn⟩) = B̂(Â |ϕn⟩) = B̂(an |ϕn⟩) = an(B̂ |ϕn⟩) (2.4)

This implies that the vector (B̂ |ϕn⟩) is an eigenvector of Â with eigenvalue an.
Since Â is non-degenerate, the eigenspace corresponding to an is 1-dimensional. Therefore, the

vector B̂ |ϕn⟩ must be proportional to |ϕn⟩ (linear dependence):

B̂ |ϕn⟩ = bn |ϕn⟩ (2.5)

where bn is a scalar. Thus, |ϕn⟩ is simultaneously an eigenvector of B̂.

Remark 2.2. If Â possesses degenerate eigenvalues, B̂ |ϕn⟩ is still an eigenvector of Â, but it is not
necessarily proportional to |ϕn⟩. In this case, a common basis still exists, but it is not unique; there are
infinite possible orthonormal basis sets common to both operators.

2.1 The Casimir J2

We now identify the canonical rotational invariant: a scalar built from (Jx, Jy, Jz) that commutes with
all components. This operator will label irreducible “multiplets” of rotation.

Definition 2.3 (Total angular momentum operator). Define

J2 := J2x + J
2
y + J2z. (2.6)

Theorem 2.4 (J2 commutes with all generators). For each i ∈ {x,y, z},

[J2, Ji] = 0. (2.7)
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Proof. Use the identity [AB,C] = A[B,C] + [A,C]B:

[J2, Ji] =
∑

k∈{x,y,z}
[J2k, Ji]

=
∑
k

(
Jk[Jk, Ji] + [Jk, Ji]Jk

)
. (2.8)

By (2.1), [Jk, Ji] = i h εkiℓJℓ, hence

[J2, Ji] = i h
∑
k,ℓ
εkiℓ

(
JkJℓ + JℓJk

)
= i h

∑
k,ℓ
εkiℓ{Jk, Jℓ}, (2.9)

where {A,B} = AB + BA is the anticommutator. The tensor εkiℓ is antisymmetric in (k, ℓ), while
{Jk, Jℓ} is symmetric in (k, ℓ), so the sum vanishes:∑

k,ℓ
εkiℓ{Jk, Jℓ} = 0.

Therefore [J2, Ji] = 0.

Corollary 2.5 (Simultaneous eigenkets of J2 and Jz). Since [J2, Jz] = 0, by Theorem 2.1, there exists a
common orthonormal basis for the operators J2 and Jz. We label these simultaneous eigenkets by their
respective eigenvalues λ and  hm:

J2|λ,m⟩ = λ |λ,m⟩, Jz|λ,m⟩ =  hm |λ,m⟩. (2.10)

2.2 Ladder Operators J±

The operator Jz measures “projection” on a chosen axis. We now build operators that change the Jz
eigenvalue in controlled steps, allowing us to generate the full spectrum algebraically.

Definition 2.6 (Ladder operators). Justified by Appendix A, we define

J± := Jx ± iJy. (2.11)

Theorem 2.7 (Adjoint relation).
(J+)

† = J−. (2.12)

Proof. By (2.2), J†x = Jx and J†y = Jy, hence

(Jx + iJy)
† = Jx − iJy.

Theorem 2.8 (J± shifts the Jz eigenvalue). The commutators are

[Jz, J±] = ± h J±. (2.13)

Proof. From (2.1),
[Jz, Jx] = i hJy, [Jz, Jy] = −i hJx.

Therefore

[Jz, J±] = [Jz, Jx]± i[Jz, Jy] = i hJy ± i(−i hJx) = ± h(Jx ± iJy) = ± hJ±.
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Corollary 2.9 (Step action on eigenkets). If Jz|λ,m⟩ =  hm|λ,m⟩, then

Jz
(
J±|λ,m⟩

)
=  h(m± 1)

(
J±|λ,m⟩

)
. (2.14)

Proof. Compute using (2.13):

Jz(J±|λ,m⟩) = (J±Jz + [Jz, J±])|λ,m⟩ =  h(m± 1)(J±|λ,m⟩).

Theorem 2.10 (Commutators with J2).
[J2, J±] = 0. (2.15)

Proof. Since [J2, Ji] = 0 for each component Ji by Theorem 2.4,

[J2, J±] = [J2, Jx]± i[J2, Jy] = 0.

Theorem 2.11 (Useful identities for J∓J±).

J+J− = J2 − J2z +  hJz, (2.16)
J−J+ = J2 − J2z −  hJz. (2.17)

Proof. Expand using (2.11):

J+J− = (Jx + iJy)(Jx − iJy) = J
2
x + J

2
y + i(JyJx − JxJy)

= J2x + J
2
y + i[Jy, Jx] = J2x + J2y +  hJz,

since [Jx, Jy] = i hJz ⇒ [Jy, Jx] = −i hJz. Using J2x + J2y = J2 − J2z gives (2.16). The proof of (2.17) is
analogous.

2.3 Eigenvalue Spectrum: j,m Bounds and Quantization

We now use only: (i) the commutators, (ii) Hermiticity, and (iii) positivity of norms to show the spectrum
must be discrete and labeled by two quantum numbers j andm.

Lemma 2.12 (Positivity constraints). For any state |ψ⟩,

∥J±|ψ⟩∥2 = ⟨ψ|J∓J±|ψ⟩ ⩾ 0. (2.18)

Proof. ∥J±|ψ⟩∥2 = ⟨ψ|J†±J±|ψ⟩ and J
†
± = J∓ by Theorem 2.7.

Theorem 2.13 (Discrete ladder inm and existence of top/bottom). Let |λ,m⟩ satisfy (2.10). Then:
1. Repeated application of J+ produces eigenkets with m 7→ m + 1 (unless it becomes zero), and

similarly J− producesm 7→ m− 1.

2. There existmmax andmmin such that

J+|λ,mmax⟩ = 0, J−|λ,mmin⟩ = 0. (2.19)

Proof. Part (1) is Corollary 2.9. For part (2), suppose there were no top state. Thenm could be raised
indefinitely while λ remains fixed (since [J2, J+] = 0). But using Lemma 2.12 and identity (2.17),

∥J+|λ,m⟩∥2 = ⟨λ,m|J−J+|λ,m⟩
= ⟨λ,m|(J2 − J2z −  hJz)|λ,m⟩
= λ−  h2m2 −  h2m = λ−  h2m(m+ 1) ⩾ 0. (2.20)

For sufficiently largem, the term  h2m(m+ 1) exceeds λ, contradicting (2.20). Hence a maximalmmax
exists with J+|λ,mmax⟩ = 0. The argument formmin using J− and (2.16) is identical.

9



Theorem 2.14 (Form of the J2 eigenvalue and allowedm values). Letmmax be as in (2.19). Define

j := mmax. (2.21)

Then

λ =  h2j(j+ 1), (2.22)
m ∈ {−j,−j+ 1, . . . , j− 1, j}. (2.23)

Moreover, 2j ∈ Z⩾0, hence

j ∈
{
0, 12 , 1,

3
2 , . . .

}
. (2.24)

Proof. Since J+|λ,mmax⟩ = 0, Lemma 2.12 gives

0 = ∥J+|λ,mmax⟩∥2 = ⟨λ,mmax|J−J+|λ,mmax⟩.

Using (2.17) and (2.10),

0 = λ−  h2mmax(mmax + 1). (2.25)

With j = mmax this yields (2.22).
Similarly, from the existence ofmmin with J−|λ,mmin⟩ = 0 and (2.16), one obtains

0 = ∥J−|λ,mmin⟩∥2 = λ−  h2mmin(mmin − 1).

Insert λ =  h2j(j + 1) and solve for mmin; the solutions are mmin = j + 1 or mmin = −j. But
mmin ⩽ mmax = j, sommin = −j.

Since J± changesm in steps of 1, the set of allowedm values is the integer-spaced ladder from −j
to j, giving (2.23). The number of steps from −j to j is 2j, which must be an integer, proving (2.24).

Remark 2.15 (Preview: why orbitalm is integer). In the orbital realization (functions on physical space),
single-valuedness under ϕ 7→ ϕ + 2π forcesm ∈ Z. Here we have not yet chosen a representation,
so the algebra alone allows j to be integer or half-integer. The distinction is resolved later by the
representation (orbital vs spin).

2.4 Ladder Matrix Elements and Normalization

From Corollary 2.9, we established that applying J± to an eigenstate |j,m⟩ creates a new vector parallel
to |j,m ± 1⟩. However, the algebra alone leaves the magnitude of this new vector scaling arbitrary.
We now compute the exact proportionality constants in J±|j,m⟩ ∝ |j,m± 1⟩. This gives the standard
ladder matrix elements and fixes normalization conventions.

Theorem 2.16 (Action of J±). For the simultaneous eigenkets |j,m⟩ with

J2|j,m⟩ =  h2j(j+ 1)|j,m⟩, Jz|j,m⟩ =  hm|j,m⟩,

J+|j,m⟩ =  h
√
j(j+ 1) −m(m+ 1) |j,m+ 1⟩, (2.26)

J−|j,m⟩ =  h
√
j(j+ 1) −m(m− 1) |j,m− 1⟩. (2.27)

Proof. By Corollary 2.9, J±|j,m⟩ (if nonzero) is an eigenket of Jz with eigenvalue  h(m ± 1). By
Theorem 2.10, it is also an eigenket of J2 with the same eigenvalue  h2j(j + 1). Hence there exist
constants C±(j,m) such that

J±|j,m⟩ =  hC±(j,m) |j,m± 1⟩. (2.28)
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Take norms and use Lemma 2.12:

 h2|C+(j,m)|2 = ∥J+|j,m⟩∥2 = ⟨j,m|J−J+|j,m⟩
= ⟨j,m|(J2 − J2z −  hJz)|j,m⟩ =  h2

(
j(j+ 1) −m(m+ 1)

)
, (2.29)

where we used (2.17). Thus

|C+(j,m)| =
√
j(j+ 1) −m(m+ 1).

Similarly, using (2.16),

 h2|C−(j,m)|2 = ∥J−|j,m⟩∥2 = ⟨j,m|J+J−|j,m⟩
=  h2

(
j(j+ 1) −m(m− 1)

)
. (2.30)

Finally, one may fix the remaining phase conventions of |j,m⟩ so thatC±(j,m) are real and nonnegative,
yielding (2.26)–(2.27).

Corollary 2.17 (Vanishing at the endpoints).

J+|j, j⟩ = 0, J−|j,−j⟩ = 0. (2.31)

Proof. Insertm = j into (2.26) andm = −j into (2.27).
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3 From Abstract Algebra to Differential Equations

3.1 Representations and Basis Choice

In Section 2 we classified states purely algebraically using operators Ji satisfying (2.1). This produced
abstract eigenkets |j,m⟩. The purpose of this section is to explain precisely why differential equations
appear only after we choose a concrete representation, i.e. a basis in which states are described by
functions of continuous variables (like r or (θ,ϕ)).

Definition 3.1 (Unitary representation of rotations on states). A (strongly continuous) unitary repre-
sentation of SO(3) on a Hilbert spaceH is a map

U : SO(3) → U(H), R 7→ U(R), (3.1)

such that

U(R1R2) = U(R1)U(R2), (3.2)
U(I) = I, (3.3)

U(R)†U(R) = I. (3.4)

Remark 3.2. In quantum mechanics one may allow a projective representation (phases may appear).
This does not affect the commutator algebra (2.1) nor the ladder-operator spectrum in Section 2. The
orbital position-space realization below will correspond to an ordinary (single-valued) representation;
spin will require the projective extension.

Definition 3.3 (Change of representation (basis) and wavefunctions). Let {|q⟩} be a generalized basis
labelled by a continuous variable q (e.g. q = r or q = Ω = (θ,ϕ)). The wavefunction of |ψ⟩ ∈ H in
this basis is

ψ(q) := ⟨q|ψ⟩. (3.5)

An operator A becomes an action on functions via

(Aψ)(q) := ⟨q|A|ψ⟩. (3.6)

Intuitively, the commutation relations should not change just because we switched languages from kets
to functions.

Theorem 3.4 (Commutators are representation-independent). Let A,B be operators on H, and let {|q⟩}
be any basis (discrete or continuous). If [A,B] = C as operators, then in the q-representation the induced
actions satisfy

[A,B]ψ = Cψ for all admissible ψ. (3.7)

Proof. For any |ψ⟩,
⟨q|([A,B] − C)|ψ⟩ = 0 for all q.

Hence ⟨q|([A,B] − C)|ψ⟩ is the zero function, i.e. ([A,B] − C)ψ = 0 in the representation.

Remark 3.5 (Why differential operators appear). If q is continuous and the symmetry acts bymoving the
label q 7→ q ′, then U(R) acts by composition ψ(q) 7→ ψ(q ′). Expanding in small parameters produces
derivatives via Taylor expansion. Thus PDEs arise from the geometric action of the group on the basis
labels, not from additional postulates.
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3.2 Position Representation and Translations

We now choose the basis |r⟩ of (generalized) eigenkets of the position operator X. We impose one
physical requirement: a spatial rotation of the system rotates the position observable as a vector. This
fixes the action of U(R) on |r⟩ and hence on wavefunctions.

Definition 3.6 (Position operators and eigenkets). Let X = (X1,X2,X3) be the position operators. The
position eigenkets |r⟩ satisfy

X|r⟩ = r |r⟩, (3.8)

and resolve the identity (formally) as ∫
R3
d3r |r⟩⟨r| = I. (3.9)

Postulate 3.1 (Position observable under rotations). The unitary U(R) implementing a spatial rotation
R satisfies

U(R)† XiU(R) =

3∑
j=1

RijXj, i = 1, 2, 3. (3.10)

Equivalently, U(R)†XU(R) = RX as a vector equation.

Justification. Physically, rotating a system by R must rotate the expectation value of its position. For a
rotated state |ψ ′⟩ = U(R)|ψ⟩, we require ⟨X⟩ψ ′ = R⟨X⟩ψ. Expanding this expectation value:

⟨ψ|U(R)†XU(R)|ψ⟩ = ⟨ψ|RX|ψ⟩.

Since this must hold for any state |ψ⟩, the operators must satisfy U(R)†XU(R) = RX.

Theorem 3.7 (Rotation maps position eigenkets by rotating their labels). Under the covariance postulate
(3.10),

U(R) |r⟩ = eiα(R,r) |Rr⟩ (3.11)

for some real phase α(R, r). With a conventional phase choice one may take

U(R) |r⟩ = |Rr⟩. (3.12)

Proof. Apply X to U(R)|r⟩ and insert the identity I = U(R)U(R)† from the left:

X
(
U(R)|r⟩

)
= U(R)

(
U(R)†XU(R)

)︸ ︷︷ ︸
Postulate 3.1

|r⟩ = U(R)
(
RX
)
|r⟩.

Since X acts on the eigenket |r⟩, we replace it with the eigenvalue r:

= U(R)
(
Rr
)
|r⟩ = (Rr)U(R)|r⟩.

ThusU(R)|r⟩ is an eigenket ofXwith eigenvalue Rr. Since the position basis is non-degenerate,U(R)|r⟩
must be proportional to |Rr⟩.

With this theorem in hand, we confirm that U(R) physically transports a particle localized at
r → Rr.

Theorem 3.8 (Geometric action on wavefunctions). In the position representation ψ(r) = ⟨r|ψ⟩ and
with (3.12), the rotated state |ψ ′⟩ := U(R)|ψ⟩ has wavefunction

ψ ′(r) = (U(R)ψ)(r) = ψ(R−1r). (3.13)

13



Proof. Compute, by the inverse of ((3.12), ⟨r|U(R) =
〈
R−1r

∣∣),
ψ ′(r) = ⟨r|U(R)|ψ⟩ = ⟨U(R)†r|ψ⟩ = ⟨R−1r|ψ⟩ = ψ(R−1r),

using U(R)†|r⟩ = |R−1r⟩.

This theorem tells us that U(R) rotates the wavefunction by looking backward to see where the
value came from. To find the value of the new wavefunction, the coordinate lookup must look backward.

Corollary 3.9 (Norm and probability density are rotation-invariant). Because rotations preserve volume
(detR = 1), ∫

d3r |ψ ′(r)|2 =
∫
d3r |ψ(R−1r)|2 =

∫
d3r |ψ(r)|2. (3.14)

Definition 3.10 (Translation operator on wavefunctions). A spatial translation by a ∈ R3 acts on
position-space wavefunctions by (

U(a)ψ
)
(r) := ψ(r− a). (3.15)

Theorem 3.11 (Infinitesimal translations produce a differential generator). Assuming a is small, the
translation operator expands as

U(a) = I−
i
 h
a · p+O(∥a∥2), (3.16)

where the generator p = (px,py,pz) acts (in the position representation) as

p = − i h∇. (3.17)

Proof. Taylor expand (3.15):

ψ(r− a) = ψ(r) − a · ∇ψ(r) +O(∥a∥2). (3.18)

By definition of generators for a unitary symmetry,

U(a) = I−
i
 h
a · p+O(∥a∥2).

Match the linear terms in a between this and (3.18) to obtain p = −i h∇.

Corollary 3.12 (Canonical commutation relations in position space). Let Xi act by multiplication:
(Xiψ)(r) = riψ(r). Then on a suitable domain (e.g. C∞

0 (R3)),

[Xi,pj] = i hδij, [Xi,Xj] = 0, [pi,pj] = 0. (3.19)

Proof. Direct calculation using pj = −i h∂rj and multiplication by ri.

3.3 Generators and Differential Operators

Equation (3.13) gives the finite action of rotations on wavefunctions. We now expand an infinitesimal
rotation and identify the generator as a differential operator. This is the precise point where derivatives
enter, by Taylor expansion of ψ(R−1r).

Definition 3.13 (Infinitesimal rotation parameters). Let δθ ∈ R3 be small. The corresponding rotation
matrix satisfies

R(δθ)−1r = r− δθ × r+O(∥δθ∥2). (3.20)
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Theorem 3.14 (Orbital generators are differential operators). For a spinless particle in the position
representation, the rotation generator is

J → L := −i h(r×∇). (3.21)

Equivalently, the infinitesimal action is

(U(R(δθ))ψ)(r) = ψ(r) −
i
 h
δθ · Lψ(r) +O(∥δθ∥2). (3.22)

Proof. Start from the pullback action (3.13):

(U(R)ψ)(r) = ψ(R−1r).

For R = R(δθ), use (3.20) and Taylor expand:

ψ(R−1r) = ψ(r− δθ × r) +O(δθ2)
= ψ(r) − (δθ × r) · ∇ψ(r) +O(δθ2). (3.23)

Use the scalar triple-product identity

(δθ × r) · ∇ = δθ · (r×∇), (3.24)

to rewrite (3.23) as
(U(R)ψ)(r) = ψ(r) − δθ · (r×∇)ψ(r) +O(δθ2).

But by definition of the Hermitian generators (Section 1),

U(R(δθ)) = I−
i
 h
δθ · J+O(δθ2).

Matching the linear terms in δθ yields J → −i h(r×∇) = L.

Definition 3.15 (Orbital angular momentum operator). Define

L := r× p. (3.25)

In components,
Li := εijk Xj pk. (3.26)

Theorem 3.16 (Explicit differential form of L). In the position representation,

L = − i h (r×∇). (3.27)

Proof. Insert p = −i h∇ into (3.25).

Remark 3.17 (Connection to the abstract algebra). The operators Li satisfy the same commutator algebra
as Ji,

[Li,Lj] = i h εijkLk,

so L is a concrete realization of the abstract generators J on the Hilbert space L2(R3).

3.4 L In Spherical Coordinates

To separate central-potential problems, we need L written in variables adapted to spheres: (r, θ,ϕ).
Concretely, this will produce:

• Lz = −i h∂ϕ immediately (som is the Fourier mode in ϕ);

• a closed form for L2 depending only on θ,ϕ (next subsection).
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Spherical Coordinates

Recall
x = r sinθ cosϕ, y = r sinθ sinϕ, z = r cosθ. (3.28)

The gradient in spherical coordinates is

∇ = r̂
∂

∂r
+

1
r
θ̂
∂

∂θ
+

1
r sinθ ϕ̂

∂

∂ϕ
. (3.29)

(Here r̂, θ̂, ϕ̂ are the usual unit vectors.)

Theorem 3.18 (Lz = −i h∂ϕ). In spherical coordinates,

Lz = −i h
∂

∂ϕ
. (3.30)

Proof. Start from Lz = xpy − ypx = −i h(x∂y − y∂x). Use that ϕ = arctan(y/x) depends only on
(x,y) and the chain rule:

∂

∂ϕ
=
∂x

∂ϕ

∂

∂x
+
∂y

∂ϕ

∂

∂y
= (−r sin θ sinϕ)∂x + (r sin θ cosϕ)∂y = −y∂x + x ∂y.

Therefore x∂y − y∂x = ∂ϕ, hence Lz = −i h∂ϕ.

Theorem 3.19 (Forms of Lx and Ly in spherical coordinates). In spherical coordinates,

Lx = i h

(
sinϕ ∂

∂θ
+ cot θ cosϕ ∂

∂ϕ

)
(3.31)

Ly = i h

(
− cosϕ ∂

∂θ
+ cot θ sinϕ ∂

∂ϕ

)
. (3.32)

Proof. One route is purely geometric: use L = −i h(r×∇) with r = rr̂ and (3.29). Since r̂× r̂ = 0,

r×∇ = rr̂×
(
r̂∂r +

1
r
θ̂∂θ +

1
r sinθ ϕ̂∂ϕ

)
= r̂× θ̂ ∂θ +

1
sin θ r̂× ϕ̂∂ϕ.

Using r̂× θ̂ = ϕ̂ and r̂× ϕ̂ = −θ̂ gives

L = −i h

(
ϕ̂∂θ −

1
sin θ θ̂ ∂ϕ

)
.

Now insert the Cartesian expansions of θ̂, ϕ̂:

θ̂ = (cosθ cosϕ, cosθ sinϕ, − sin θ),
ϕ̂ = (− sinϕ, cosϕ, 0),

and read off the x- and y-components. This yields (3.31) and (3.32).

Remark 3.20 (Ladder Operators). From (3.31)–(3.32), the ladder operators L± = Lx ± iLy become

L± =  he±iϕ
(
± ∂

∂θ
+ i cotθ ∂

∂ϕ

)
, (3.33)

useful for generating Yℓ,m±1 once Yℓm is known.
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3.5 Derivation of L2

We want an explicit differential operator for the rotational invariant

L2 = L2x + L
2
y + L2z,

in spherical coordinates. The key structural fact is: L2 depends only on the angular variables (θ,ϕ) and
is (up to − h2) the Laplacian on the unit sphere. We derive the standard formula.

Theorem 3.21 (Angular form of L2). In spherical coordinates,

L2 = − h2
[

1
sin θ

∂

∂θ

(
sin θ ∂

∂θ

)
+

1
sin2 θ

∂2

∂ϕ2

]
. (3.34)

Proof. We proceed in two steps.
Step 1: Decompose the Laplacian into radial + angular parts. From (3.29), the Laplacian∇2 = ∇·∇
in spherical coordinates is

∇2 =
1
r2
∂

∂r

(
r2
∂

∂r

)
+

1
r2

[
1

sin θ
∂

∂θ

(
sin θ ∂

∂θ

)
+

1
sin2 θ

∂2

∂ϕ2

]
. (3.35)

Define the angular Laplacian by

∆S2 :=
1

sin θ
∂

∂θ

(
sin θ ∂

∂θ

)
+

1
sin2 θ

∂2

∂ϕ2 . (3.36)

Then (3.35) is

∇2 =
1
r2
∂

∂r

(
r2
∂

∂r

)
+

1
r2
∆S2 . (3.37)

Step 2: Identify L2 with the angular Laplacian. By definition, L = −i h(r×∇). To evaluate L2, we
examine the operator product (r×∇) · (r×∇). First, we decompose the gradient (3.29) into a radial
part and a tangential (angular) part:

∇ = r̂
∂

∂r
+

1
r
∇S2 ,

where ∇S2 contains only θ and ϕ derivatives. When we take the cross product with r = rr̂, the radial
component vanishes because r̂× r̂ = 0:

r×∇ = rr̂×
(
r̂∂r +

1
r
∇S2

)
= r̂×∇S2 .

Squaring this operator (taking the dot product with itself) utilizes the vector identity (A×B) ·(A×B) =
A2B2 − (A · B)2. Since r̂ is a unit vector orthogonal to the tangential gradient ∇S2 :

(r×∇) · (r×∇) = (r̂×∇S2) · (r̂×∇S2) = ∇S2 · ∇S2 . (3.38)

This term ∇S2 · ∇S2 is precisely the angular Laplacian ∆S2 defined in (3.36). Multiplying by (−i h)2 =
− h2 yields the final result:

L2 = − h2 (r×∇)2 = − h2∆S2 ,

which is exactly (3.34).

Corollary 3.22 (The key separation identity for central potentials). Combining (3.37) and (3.34), we
obtain

∇2 =
1
r2
∂

∂r

(
r2
∂

∂r

)
−

1
 h2r2

L2. (3.39)

Proof. Substitute ∆S2 = −(1/ h2)L2 from (3.34) into (3.37).
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3.6 Meaning of Spherical Harmonics

Section 2 produced abstract eigenkets |j,m⟩ for J2, Jz. Section 3.3 produced a concrete realization J→ L

as differential operators acting on ψ(r). We now connect these: spherical harmonics are simply the
coordinate representation of the abstract angular-momentum eigenkets.

Definition 3.23 (Angular basis and spherical harmonics as components). Let Ω = (θ,ϕ) denote a
direction on the unit sphere S2. Define the angular (direction) basis |Ω⟩ and the spherical harmonics by

Yℓm(Ω) := ⟨Ω|ℓ,m⟩, Ω = (θ,ϕ). (3.40)

Remark 3.24 (How |Ω⟩ is related to |r⟩). Heuristically, |Ω⟩ corresponds to restricting |r⟩ to a fixed radius
and varying direction. More concretely: when ψ(r) = ψ(r,Ω) is written in spherical coordinates, the
angular dependence lives in functions on S2 with inner product

∫
S2 dΩ (·)∗(·).

Theorem 3.25 (Eigenvalue equations become differential equations in theΩ-representation). In the
orbital realization J→ L, the abstract eigenvalue relations

J2|ℓ,m⟩ =  h2ℓ(ℓ+ 1)|ℓ,m⟩, (3.41)
Jz|ℓ,m⟩ =  hm |ℓ,m⟩ (3.42)

become, upon taking ⟨Ω|,

L2 Yℓm(Ω) =  h2ℓ(ℓ+ 1) Yℓm(Ω), (3.43)
Lz Yℓm(Ω) =  hmYℓm(Ω). (3.44)

In spherical coordinates, L2 and Lz act as differential operators in (θ,ϕ), so (3.43)–(3.44) are differential
equations whose regular solutions are the spherical harmonics.

Proof. We derive the differential equation for L2 explicitly (the Lz case follows identical logic).
Start with the abstract eigenvalue equation for the ket vector, as given in Eq. (3.41):

J2|ℓ,m⟩ =  h2ℓ(ℓ+ 1)|ℓ,m⟩.

To convert this into a differential equation, we project the entire equation onto the position (angle)
basis by applying the bra ⟨Ω| from the left:

⟨Ω|J2|ℓ,m⟩ = ⟨Ω|
(
 h2ℓ(ℓ+ 1)|ℓ,m⟩

)
.

1. The Right-Hand Side (The Scalar): Since the eigenvalue  h2ℓ(ℓ+ 1) is just a complex number, it
commutes with the bra and factors out. Using Definition 3.23, we identify the resulting projection as
the spherical harmonic function:

RHS =  h2ℓ(ℓ+ 1) ⟨Ω|ℓ,m⟩︸ ︷︷ ︸
Def. 3.23

=  h2ℓ(ℓ+ 1)Yℓm(Ω).

2. The Left-Hand Side (The Operator): We must determine how the abstract operator J2 acts within
the projection. Theorem 3.14 establishes the correspondence between the abstract generator and the
differential operator:

J → L = −i h(r×∇).
This implies that for any state |ψ⟩, the action of the operator in the position representation is ⟨r|J|ψ⟩ =
L⟨r|ψ⟩. Extending this to the squared operator:

LHS = ⟨Ω|J2|ℓ,m⟩ = L2⟨Ω|ℓ,m⟩ = L2Yℓm(Ω).

Equating the LHS and RHS yields the differential equation:

L2Yℓm(Ω) =  h2ℓ(ℓ+ 1)Yℓm(Ω).

Applying the same projection to Eq. (3.42) using Jz → Lz yields the second equation.
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4 Angular Eigenfunctions: Spherical Harmonics

Section 3 produced explicit differential operators Lz and L2 in spherical coordinates, and Corollary 3.22
gave the key identity splitting∇2 into radial and angular parts. We now solve the angular eigenvalue
problem

L2Y(θ,ϕ) =  h2ℓ(ℓ+ 1)Y(θ,ϕ), LzY(θ,ϕ) =  hmY(θ,ϕ), (4.1)
and show that the regular solutions on the sphere are the spherical harmonics Yℓm.

Theorem 4.1 (Central potentials reduce the 3D eigenproblem to an angular eigenproblem + a radial
ODE). Let

H = −
 h2

2µ∇
2 + V(r) (4.2)

with V depending only on r = |r|. Then

[H,L2] = [H,Lz] = 0. (4.3)

Consequently, energy eigenstates may be chosen as simultaneous eigenstates of H, L2, and Lz, and their
angular dependence is fixed by (4.1).

Proof. A rotation leaves r invariant, hence V(r) is rotationally invariant. Since Li are the generators of
rotations in position space, rotational invariance is equivalent to [V(r),Li] = 0 for all i. Also [p2,Li] = 0
(rotational scalar), hence [H,Li] = 0 for all i, which implies [H,L2] = 0 and [H,Lz] = 0.

4.1 Solve the azimuthal equation

We first solve the simpler eigenvalue equation for Lz, which is already diagonal in ϕ.

Theorem 4.2 (Azimuthal eigenfunctions and quantization ofm). With Lz = −i h∂ϕ (Theorem 3.18),
the eigenvalue equation

LzY =  hmY (4.4)
implies that any separable solution Y(θ,ϕ) = Θ(θ)Φ(ϕ) has

Φ(ϕ) = Ceimϕ. (4.5)

Single-valuedness Y(θ,ϕ+ 2π) = Y(θ,ϕ) forces

m ∈ Z. (4.6)

Proof. Insert Y(θ,ϕ) = Θ(θ)Φ(ϕ) into (4.4):

−i hΘ(θ)Φ ′(ϕ) =  hmΘ(θ)Φ(ϕ) ⇒ Φ ′(ϕ) = imΦ(ϕ),

whose solution is (4.5). Periodicity inϕ requires eim(ϕ+2π) = eimϕ, hence ei2πm = 1, i.e.m ∈ Z.

4.2 Solution of the Polar Equation

Having determined the azimuthal partΦ(ϕ) = eimϕ (wherem ∈ Z ensures single-valuedness), we
turn our attention to the polar function Θ(θ). We start with the L2 eigenvalue equation, L2Y =  h2λY,
and substitute the product form Y(θ,ϕ) = Θ(θ)Φ(ϕ).

Using the explicit form of L2 derived in Theorem 3.21:

− h2
[

1
sin θ

∂

∂θ

(
sin θ ∂

∂θ

)
+

1
sin2 θ

∂2

∂ϕ2

]
Θ(θ)Φ(ϕ) =  h2λΘ(θ)Φ(ϕ).

The ϕ-derivative acts only onΦ, giving ∂2ϕeimϕ = −m2eimϕ. We can then cancel the common factor
− h2Φ(ϕ) (and rearrange signs) to obtain the ordinary differential equation for Θ:

1
sin θ

d

dθ

(
sin θ dΘ

dθ

)
+

[
λ−

m2

sin2 θ

]
Θ(θ) = 0. (4.7)
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Change of Variables to x = cos θ

To solve this ODE, it is standard to switch from the angle θ to the variable x = cos θ. The domain
θ ∈ [0,π] maps to x ∈ [−1, 1]. The derivatives transform via the chain rule:

d

dθ
=
dx

dθ

d

dx
= − sin θ d

dx
.

Substituting this into the differential term of (4.7):

1
sin θ

d

dθ

(
sin θdΘ

dθ

)
=

1
sin θ

(
− sin θ d

dx

)(
sin θ

[
− sin θdΘ

dx

])
=
d

dx

(
(1− x2)dΘ

dx

)
,

where we used sin2 θ = 1−x2. The ODE transforms into the Associated Legendre Differential Equation:

d

dx

(
(1− x2)dΘ

dx

)
+

[
λ−

m2

1− x2

]
Θ = 0. (4.8)

Quantization from Regularity

Equation (4.8) has "regular singular points" at the poles x = ±1 (corresponding to the north and south
poles of the sphere). Physically, the wavefunction must be normalizable and finite everywhere, meaning
Θ(x) must not diverge at x = ±1. This physical requirement is what forces the quantization of λ and
constraints onm.

1. Quantization of ℓ (The Series Termination Condition). Consider first the case wherem = 0
(the standard Legendre equation). We attempt a power series solutionΘ(x) =

∑∞
k=0 ckx

k. Substituting
this series into the ODE yields a two-term recursion relation for the coefficients:

ck+2 =
k(k+ 1) − λ
(k+ 1)(k+ 2) ck.

We examine the behavior for large k. As k→ ∞, the ratio ck+2/ck → 1. This behavior is characteristic
of the series for ln

(
1− x2

)
, which diverges to infinity at x = ±1.

The only way to avoid this divergence is if the series terminates—i.e., if ck+2 becomes zero for some
specific integer k = ℓ. Looking at the numerator of the recursion, this happens if and only if:

ℓ(ℓ+ 1) − λ = 0 =⇒ λ = ℓ(ℓ+ 1),

where ℓ is a non-negative integer (ℓ = 0, 1, 2, . . . ). This defines the orbital angular momentum quantum
number ℓ. The resulting finite polynomials are the Legendre Polynomials, Pℓ(x).

2. Bounds onm (Relationship to Derivatives). Form ̸= 0, the solutions Pmℓ (x) are generated by
differentiating the Legendre polynomials |m| times. Specifically, they are given by:

Pmℓ (x) ∝ (1− x2)|m|/2 d
|m|

dx|m|
Pℓ(x).

Since Pℓ(x) is a polynomial of degree ℓ, differentiating it more than ℓ times yields zero. Therefore,
non-vanishing solutions exist only if:

|m| ⩽ ℓ.

If |m| > ℓ, thewavefunction vanishes identically. This explainswhy the projection of angularmomentum
m cannot exceed the total angular momentum ℓ.
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Definition 4.3 (Rodrigues formulas). The Legendre polynomials Pℓ(x) are defined by Rodrigues’
formula

Pℓ(x) =
1

2ℓℓ!
dℓ

dxℓ
(x2 − 1)ℓ. (4.9)

Form ⩾ 0, the associated Legendre polynomials are

Pmℓ (x) = (−1)m(1− x2)m/2 d
m

dxm
Pℓ(x). (4.10)

Form < 0 one defines

P−mℓ (x) = (−1)m (ℓ−m)!
(ℓ+m)! P

m
ℓ (x), (m > 0), (4.11)

which ensures a consistent normalization convention later.

4.3 Spherical Harmonics

We now assemble the separated solutions and normalize them to form an orthonormal basis of L2(S2).
Definition 4.4 (Spherical harmonics). For ℓ ∈ Z⩾0 andm ∈ Z with |m| ⩽ ℓ, define

Yℓm(θ,ϕ) := Nℓm Pmℓ (cos θ) eimϕ, (4.12)

where Pmℓ is as in Definition 4.3 and Nℓm is a real normalization constant.
Theorem 4.5 (Eigenvalue relations). The spherical harmonics satisfy

Lz Yℓm =  hmYℓm, (4.13)
L2 Yℓm =  h2ℓ(ℓ+ 1) Yℓm. (4.14)

Proof. See Theorem 3.25. Lz = −i h∂ϕ gives (4.13) immediately from eimϕ. Substituting Yℓm =
Θ(θ)eimϕ into L2 (Theorem 3.21) reduces the eigenvalue equation to (4.7) with λ = ℓ(ℓ+ 1).

Theorem 4.6 (Orthonormality and normalization constant). With the inner product on L2(S2),

⟨f,g⟩S2 :=
∫ 2π
0

∫π
0
f(θ,ϕ)∗ g(θ,ϕ) sin θdθdϕ, (4.15)

one can choose

Nℓm = (−1)m
√

2ℓ+ 1
4π

(ℓ−m)!
(ℓ+m)! (4.16)

(Condon–Shortley convention) so that∫
S2
Yℓm(Ω)∗ Yℓ ′m ′(Ω)dΩ = δℓℓ ′δmm ′ . (4.17)

Proof. The ϕ-integral gives ∫ 2π
0
e−imϕeim

′ϕdϕ = 2πδmm ′ .

For fixedm, the polar equation is a Sturm–Liouville problem with weight sin θ, so eigenfunctions with
different ℓ are orthogonal. The standard integral identity for associated Legendre polynomials yields∫π

0
Pmℓ (cos θ)Pmℓ ′ (cos θ) sinθdθ =

2(ℓ+m)!
(2ℓ+ 1)(ℓ−m)! δℓℓ

′ .

Choosing Nℓm as in (4.16) makes the product of the θ and ϕ integrals equal to δℓℓ ′δmm ′ .

Remark 4.7 (Completeness (used implicitly in expansions)). The set {Yℓm}ℓ⩾0, |m|⩽ℓ forms a complete
orthonormal basis for L2(S2). Thus any square-integrable angular function can be expanded in spherical
harmonics, which is the angular analogue of a Fourier series.
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5 Application: The 3D Hydrogen Atom

5.1 Central Coulomb potential and reduced mass

We now apply the rotation machinery to the hydrogen atom. The key structural points are: (i) the
interaction is central (V = V(r)), so the angular dependence is fixed by L2,Lz; (ii) the two-body problem
reduces to a one-body problem with reduced mass.

Definition 5.1 (Coulomb potential). For a nucleus of charge +Ze and an electron of charge −e,

V(r) = −
Ze2

4πε0
1
r
=: −

κZ

r
, κ :=

e2

4πε0
. (5.1)

For hydrogen, Z = 1.

Theorem 5.2 (Two-body reduction to one-body Schrödinger equation). Consider the nonrelativistic
two-body Hamiltonian (electron massme, proton massmp)

H =
p2e
2me

+
p2p
2mp

+ V(|re − rp|). (5.2)

Introduce center-of-mass and relative coordinates

R :=
mere +mprp
me +mp

, r := re − rp, (5.3)

with conjugate momenta P and p. Then

H =
P2

2M +

(
p2

2µ + V(r)

)
, M := me +mp, µ :=

memp

me +mp
. (5.4)

Thus the relative wavefunction satisfies a one-body Schrödinger equation with reduced mass µ:(
−

 h2

2µ∇
2 + V(r)

)
ψ(r) = Eψ(r). (5.5)

Proof. This is a standard linear change of variables. One checks that the kinetic energy decomposes
as p2

e/(2me) + p2
p/(2mp) = P2/(2M) + p2/(2µ) and that V(|re − rp|) = V(r) depends only on the

relative coordinate. The Schrödinger equation then separates into a free center-of-mass part and a
relative-coordinate part (5.5).

5.2 Schrödinger equation in spherical form

We rewrite (5.5) using the angular-momentum operator L2. This makes the separation into radial and
angular pieces transparent.

Using Corollary 3.22,

∇2 =
1
r2
d

dr

(
r2
d

dr

)
−

1
 h2r2

L2. (5.6)

Insert (5.6) into (5.5):[
−

 h2

2µ
1
r2
d

dr

(
r2
d

dr

)
+

1
2µr2L

2 + V(r)

]
ψ(r, θ,ϕ) = Eψ(r, θ,ϕ). (5.7)
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5.3 Separation of variables

Because V(r) is central, the angular dependence is governed entirely by the eigenvalue problem for L2
and Lz. We separate variables and reduce (5.7) to a radial ODE.

Let Yℓm(θ,ϕ) be spherical harmonics (Section 4.3), satisfying

L2Yℓm =  h2ℓ(ℓ+ 1)Yℓm, LzYℓm =  hmYℓm. (5.8)

Use the separable ansatz
ψ(r, θ,ϕ) = R(r) Yℓm(θ,ϕ). (5.9)

Substitute (5.9) into (5.7) and use (5.8) to obtain, after dividing by Yℓm,

−
 h2

2µ
1
r2
d

dr

(
r2
dR

dr

)
+

 h2

2µ
ℓ(ℓ+ 1)
r2

R(r) + V(r)R(r) = ER(r). (5.10)

For the Coulomb potential V(r) = −κZ/r, this becomes

−
 h2

2µ
1
r2
d

dr

(
r2
dR

dr

)
+

 h2

2µ
ℓ(ℓ+ 1)
r2

R(r) −
κZ

r
R(r) = ER(r). (5.11)

Define the reduced radial function
u(r) := rR(r). (5.12)

A standard computation yields
1
r2
d

dr

(
r2
dR

dr

)
=

1
r

d2u

dr2
. (5.13)

Multiply (5.11) by r and use (5.13) to obtain the 1D-like ODE

−
 h2

2µ
d2u

dr2
+

[
 h2

2µ
ℓ(ℓ+ 1)
r2

−
κZ

r

]
u(r) = Eu(r). (5.14)

5.4 Effective potential and centrifugal barrier

Equation (5.14) has the form of a 1D Schrödinger equation on r ∈ (0,∞) with an effective potential.

Definition 5.3 (Effective potential). Define

Veff(r) := −
κZ

r
+

 h2

2µ
ℓ(ℓ+ 1)
r2

. (5.15)

Then (5.14) is

−
 h2

2µu
′′(r) + Veff(r)u(r) = Eu(r). (5.16)

Remark 5.4 (Centrifugal barrier). The term

 h2

2µ
ℓ(ℓ+ 1)
r2

(5.17)

diverges as r→ 0 for ℓ ⩾ 1, suppressing the probability density near the origin. This is the quantum
analogue of the classical centrifugal barrier.

5.5 Radial Series Solution and Quantization

We explicitly solve the radial equation (5.14) for bound states (E < 0). By factoring out the asymptotic
behavior at zero and infinity, we reduce the problem to finding a polynomial solution. The condition
that this polynomial must have a finite degree forces the energy to be quantized.

23



Step 1: Dimensionless Variables and Asymptotics Assume E < 0 (bound state). We introduce the
wave number k and a dimensionless radial coordinate ρ:

k :=

√
−2µE
 h

, ρ := 2kr. (5.18)

Substituting E = − h2k2/2µ into (5.14) and multiplying by 2µ/( h2k2) transforms the equation into:
d2u

dρ2
+

(
−
1
4 +

η

ρ
−
ℓ(ℓ+ 1)
ρ2

)
u(ρ) = 0, (5.19)

where we have defined the dimensionless "Coulomb strength" parameter η:

η :=
µκZ
 h2k

. (5.20)

Step 2: The Ansatz We determine the asymptotic behavior to simplify the equation:
• As ρ→ ∞: The dominant term is−1/4. The equation becomes u ′′− 1

4u ≈ 0, yielding u ∼ e−ρ/2

(the normalizable solution).

• As ρ→ 0: The centrifugal term dominates. The equation becomes u ′′ −
ℓ(ℓ+1)
ρ2 u ≈ 0, yielding

regular solution u ∼ ρℓ+1.
We therefore look for a solution of the form:

u(ρ) = ρℓ+1e−ρ/2v(ρ). (5.21)

Step 3: Differential Equation for v(ρ) Substituting the ansatz (5.21) into (5.19) yields a linear
differential equation for v(ρ). The terms involving ℓ(ℓ+ 1) cancel exactly, leaving:

ρ
d2v

dρ2
+ (2ℓ+ 2− ρ)dv

dρ
+ (η− ℓ− 1)v = 0. (5.22)

Step 4: The Recurrence Relation We solve for v(ρ) using a power series expansion v(ρ) =∑∞
j=0 ajρ

j. Substituting this series into (5.22) and collecting powers of ρj leads to the recurrence
relation:

aj+1 =
j+ ℓ+ 1− η

(j+ 1)(j+ 2ℓ+ 2) aj. (5.23)

Step 5: Termination Condition (Quantization) For large j, the ratio aj+1/aj ≈ 1/j, which implies
v(ρ) ∼ eρ. This would make the total wavefunction u(ρ) ∼ e+ρ/2, which is not normalizable. To avoid
this divergence, the series must terminate. There must exist some non-negative integer nr (the radial
quantum number) such that anr ̸= 0 but anr+1 = 0. From the numerator of (5.23), this requires:

nr + ℓ+ 1− η = 0.

We define the principal quantum number n as the integer η:

n := nr + ℓ+ 1. (5.24)

Since nr ⩾ 0 and ℓ ⩾ 0, the allowed values are n = 1, 2, 3, . . . . This integer constraint determines the
energy levels. Using η = n in (5.20), we solve for k:

kn =
µκZ
 h2n

.

Substituting kn back into E = − h2k2/2µ gives the Bohr energy formula.
Theorem 5.5 (Hydrogenic energy spectrum). For the Coulomb potential, the bound-state energies depend
only on n:

En = −
µ(κZ)2

2 h2n2 . (5.25)
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5.6 Closed-form Radial Functions

When the series terminates, the function v(ρ) becomes a polynomial. We identify these as the Associated
Laguerre polynomials.

Comparison with Associated Laguerre Equation The standard Associated Laguerre equation for
a function y(x) is:

xy ′′ + (α+ 1− x)y ′ + qy = 0. (5.26)

Comparing this to our radial equation (5.22):

ρv ′′ + (2ℓ+ 2− ρ)v ′ + (n− ℓ− 1)v = 0.

We see a direct correspondence with α = 2ℓ+ 1 and q = n− ℓ− 1. Thus, the solutions are proportional
to L2ℓ+1

n−ℓ−1(ρ).

Definition 5.6 (Radial Eigenfunctions). Using the Bohr radius a0 =  h2/(µκ), the normalized radial
wavefunctions are (Shown explicitly in Appendix B):

Rnℓ(r) =

(
2Z
na0

)3/2
√

(n− ℓ− 1)!
2n(n+ ℓ)! e

−ρ/2 ρℓ L2ℓ+1
n−ℓ−1(ρ), (5.27)

where ρ = (2Z/na0)r.

Remark 5.7 (The Full Wavefunction). The complete position-space eigenstate is the product of this
radial part and the spherical harmonic derived in Section 4.2:

ψnℓm(r, θ,ϕ) = Rnℓ(r)Yℓm(θ,ϕ). (5.28)
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6 Spin Angular Momentum

In previous chapters, we derived Orbital Angular Momentum (L) by considering how rotations affect
the argument of a wavefunction ψ(r). In this chapter, we derive Spin (S) not as an ad-hoc addition,
but as a structural necessity arising from the linearity of Quantum Mechanics. We will show that if a
particle possesses internal degrees of freedom, the rotation group must act on those degrees of freedom
via a unitary representation, inevitably leading to the spin operators and the Lie Algebra of SU(2).

6.1 The Structural Insufficiency of Orbital Angular Momentum

We begin by identifying why L = r × p is mathematically insufficient to describe all rotational
symmetries.
Definition 6.1 (Scalar Wavefunction). A state is called a scalar wavefunction if it is a map ψ : R3 → C.
The action of a rotation R ∈ SO(3) on a scalar wavefunction is the geometric pullback:

(Uorb(R)ψ)(r) := ψ(R−1r). (6.1)

Theorem 6.2 (Generator of Scalar Rotations). The infinitesimal generator of the transformation (6.1) is
exclusively the orbital angular momentum L.

Proof. Consider an infinitesimal rotation R(ϵ) by angle |ϵ| around axis ϵ̂. The coordinate transforms as
R−1r ≈ r− ϵ× r. Taylor expanding the wavefunction:

ψ(r− ϵ× r) ≈ ψ(r) − (ϵ× r) · ∇ψ(r) =
(
1− i

 h
ϵ · L

)
ψ(r).

Thus, the unitary operator is generated solely by L.

Remark 6.3 (The Physical Limitation). The assumption that a particle is described by a single complex
number at every point in space is a choice, not a law. In classical physics, fields can be vectors (like the
Electric field E(r)) or tensors. If a quantum particle has an internal “orientation” or vector nature, we
require a more general structure.

6.2 Vector-Valued Wavefunctions and Internal Space

To generalize, we allow the amplitude at a point r to be a vector in a finite-dimensional complex vector
space.
Definition 6.4 (The Internal Hilbert Space). Let V be a finite-dimensional Hilbert space of dimension d,
equipped with an inner product ⟨·, ·⟩V . This is the internal space. The total Hilbert space of the system
is the tensor product:

H = L2(R3)⊗ V . (6.2)
Elements ofH are vector-valued wavefunctions Ψ (r) = (ψ1(r), . . . ,ψd(r))T .
Postulate 6.1 (Rotational Invariance of Probability). A spatial rotation R is a symmetry operation.
Therefore, it must be represented by a unitary operator U(R) acting on H that preserves the total
probability

∫
Ψ †Ψ d3r.

Theorem 6.5 (Structure of the Rotation Operator). The most general local, linear action of a rotation R
on a state inH decomposes into an external action on r and an internal action on V :

(U(R)Ψ)(r) = D(R)Ψ (R−1r), (6.3)

where D(R) is a d× d unitary matrix acting on V .

Proof. The term Ψ (R−1r) accounts for the relocation of the particle (the coordinate change). However,
the vector components inside V might mix among themselves during rotation. Linearity requires this
mixing be a matrix multiplication D(R). Unitarity of U(R) implies D(R) must be a unitary matrix
(D†D = I) to preserve the norm within V .
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6.3 The Emergence of Spin

We now define Spin rigorously as the generator of the unitary representation D(R).

Definition 6.6 (Spin Operators). Consider an infinitesimal rotation R(ϵ). Since D(R) is unitary and
connected to the identity, it can be expanded via a Hermitian generator. We define the Spin operator S
by the expansion:

D(R(ϵ)) = I−
i
 h
ϵ · S+O(ϵ2). (6.4)

Theorem 6.7 (Additivity of Angular Momenta). The generator of the total rotation operator U(R) on H

is the sum J = L+ S.

Proof. Substitute the infinitesimal forms of both the internal matrix D(R) and the coordinate pullback
into Eq. (6.3):

(U(ϵ)Ψ)(r) ≈
(
I−

i
 h
ϵ · S

)(
Ψ (r) −

i
 h
(ϵ · L)Ψ (r)

)
≈
[
I−

i
 h
ϵ · (L⊗ I+ I⊗ S)

]
Ψ (r).

(Cross terms are order ϵ2). Thus, the total generator is J = L+ S.

Remark 6.8 (Interpretation). Spin is not a distinct physical phenomenon from angular momentum; it is
simply the "intrinsic" part of angular momentum that generates rotations on the internal vector index
rather than the spatial coordinates.

6.4 The Lie Algebra Constraint

Why must Spin satisfy the same commutation relations as Orbital angular momentum? This is a
consequence of the group structure of rotations.

Theorem 6.9 (Homomorphism Property). ForD(R) to represent a rotation, the map R 7→ D(R) must be
a group homomorphism (or a projective representation):

D(R1)D(R2) = D(R1R2). (6.5)

Theorem 6.10 (The Commutator is fixed by Geometry). The spin operators must satisfy the Lie Algebra
of the rotation group:

[Si,Sj] = i hϵijkSk. (6.6)

Proof. The commutation relations of generators are determined entirely by the non-commutativity
of the group elements near the identity. Geometrically, a rotation of angle ϵ about x followed by y,
minus y followed by x, results in a rotation of angle ϵ2 about z. SinceD(R) must track these geometric
compositions, the generators Si must satisfy the same algebra as the geometric generators Li. (See
Chapter 1 for the derivation of the structure constants ϵijk).

6.5 Connection to SU(2)

We now specialize to the simplest non-trivial internal space.

Assumption 6.11. Let the internal space V have the minimal dimension allowed for a non-scalar:
d = 2. Thus V ∼= C2.

Definition 6.12 (The Group SU(2)). The special unitary group SU(2) is the set of 2 × 2 complex
matrices U such that:

1. U†U = I (Unitarity: preserves probability).
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2. det(U) = 1 (Special: volume preserving).

Theorem 6.13 (SU(2) is the Double Cover of SO(3)). There exists a 2-to-1 surjective homomorphism
from SU(2) to SO(3). This means that while SO(3) describes rotations of vectors in R3, SU(2) describes
rotations of spinors in C2. A rotation by 2π corresponds to −I in SU(2), requiring a 4π rotation to return
to the identity.

Remark 6.14. In Quantum Mechanics, states are rays (|ψ⟩ ∼ eiα|ψ⟩). Therefore, a representation only
needs to hold up to a phase (Projective Representation). This allows fermions to transform under SU(2)
rather than just SO(3).

6.6 Pauli Matrices as the Basis of the Algebra

We finally justify why the Pauli matrices appear. They are not arbitrary; they are the necessary
mathematical basis for the generator of SU(2).

Theorem 6.15 (The Lie Algebra su(2)). The generators (Lie Algebra) of SU(2) are the set of 2×2matrices
X such that eiX ∈ SU(2). These matrices must be:

1. Hermitian: To ensure U is unitary (U = e−iϵH).

2. Traceless: To ensure det(U) = 1. (Recall the identity det
(
eA
)
= eTr(A). If det = 1, then Tr = 0).

Theorem 6.16 (Basis Construction). The vector space of 2× 2 traceless Hermitian matrices has dimension
3 over reals. The Pauli matrices form the canonical basis.

Proof. Let H be an arbitrary 2× 2 Hermitian matrix. It has 4 real parameters:

H =

(
a+ d b− ic
b+ ic a− d

)
, a,b, c,d ∈ R.

The condition Tr(H) = 0 implies (a+ d) + (a− d) = 2a = 0, so a = 0. This leaves 3 free parameters
(b, c,d). We can expand H as:

H = b

(
0 1
1 0

)
+ c

(
0 −i
i 0

)
+ d

(
1 0
0 −1

)
.

We identify these basis matrices as the Pauli matrices:

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (6.7)

Corollary 6.17 (Spin-1/2 Operators). Since the spin operators Si must generate SU(2) rotations, they
must be proportional to the basis elements σi. To satisfy the commutation relation [Sx,Sy] = i hSz given
that [σx,σy] = 2iσz, the proportionality constant must be  h/2.

S =
 h

2σ. (6.8)
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Physical Rotation
R ∈ SO(3)

Spatial Action
(External)

Moves coordinate r

Internal Action
(Internal)

Mixes components in V

ψ(R−1r) D(R)Ψ

Orbital Generator
L = −i h(r×∇)

Spin Generator
S (Matrix in V)

Total Angular Momentum
J = L⊗ I+ I⊗ S

Acts on L2(R3) Acts on Internal Space V

Taylor Expand Lie Algebra

Space: r ∈ R3 Space: Cd

Figure 1: Decomposition of Total Angular Momentum into Orbital and Spin components.

29



A Derivation of the Ladder Operators

This appendix justifies why this specific linear combination is the natural choice for shifting the
eigenvalues of Jz.

The Goal: An Eigen-Operator

We seek an operator, let us call it Â, that transforms an eigenstate of Jz into a new eigenstate with a
shifted eigenvalue. Let |m⟩ be an eigenstate such that Jz |m⟩ =  hm |m⟩. We require:

Jz(Â |m⟩) = (m h+ λ)(Â |m⟩) (A.1)

where λ is the amount of the shift. Expanding the left side:

JzÂ |m⟩ = (m h+ λ)Â |m⟩
(JzÂ− ÂJz + ÂJz) |m⟩ = m hÂ |m⟩+ λÂ |m⟩
[Jz, Â] |m⟩+ Â( hm |m⟩) = m hÂ |m⟩+ λÂ |m⟩

[Jz, Â] |m⟩ = λÂ |m⟩

Since this must hold for any state |m⟩, we require the operator relation:

[Jz, Â] = λÂ (A.2)

Solving for the Operator

Since Jz commutes with itself and J2, we look for a solution involving the remaining generators Jx and
Jy. Let us propose a linear combination:

Â = αJx + βJy (A.3)

Substituting this into Eq. (A.2) and using the fundamental commutators [Jz, Jx] = i hJy and [Jz, Jy] =
−i hJx:

[Jz,αJx + βJy] = λ(αJx + βJy)
α(i hJy) + β(−i hJx) = λαJx + λβJy

Matching the coefficients for the independent operators Jx and Jy:

−i hβ = λα (A.4)
i hα = λβ (A.5)

Substituting β from Eq. (A.5) into Eq. (A.4):

−i h

(
i hα

λ

)
= λα =⇒  h2α = λ2α (A.6)

Assuming α ̸= 0, we find two possible solutions for the shift amount:

λ = ± h (A.7)

This proves that the natural "step size" for angular momentum is  h. Finally, we substitute λ = ± h back
into Eq. (A.5) to find the relation between α and β:

i hα = (± h)β =⇒ β = ±iα

Setting the normalization constant α = 1, we obtain the two unique solutions:

Â± = Jx ± iJy (A.8)

Thus, J± are not arbitrary definitions; they are the unique operators required to shift the Jz eigenvalue
by ± h.
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B Appendix B: Normalization of the Radial Functions

In this appendix, we explicitly compute the normalization constant for the hydrogenic radial functions
Rnℓ(r).

The Goal. We seek a constant Nnℓ such that the radial function

Rnℓ(r) = Nnℓ e
−ρ/2ρℓL2ℓ+1

n−ℓ−1(ρ), with ρ =

(
2Z
na0

)
r, (B.1)

satisfies the normalization condition: ∫∞
0

|Rnℓ(r)|
2 r2 dr = 1. (B.2)

Step 1: Change of Variables. Substitute Eq. (B.1) into the integral. We change variables from r to
the dimensionless variable ρ. From ρ = 2Z

na0
r, we have:

r =
na0
2Z ρ =⇒ dr =

na0
2Z dρ.

The volume element r2dr becomes:

r2dr =
(na0
2Z

)3
ρ2dρ.

Substituting this into Eq. (B.2):

1 = |Nnℓ|
2
∫∞
0

(
e−ρ/2ρℓL2ℓ+1

n−ℓ−1(ρ)
)2 (na0

2Z

)3
ρ2dρ

1 = |Nnℓ|
2
(na0
2Z

)3 ∫∞
0
e−ρρ2ℓ+2 [L2ℓ+1

n−ℓ−1(ρ)
]2
dρ.

Step 2: The Laguerre Integral Identity. Let q = n− ℓ− 1 and α = 2ℓ+ 1. The integral takes the
form:

I =

∫∞
0
e−ρρα+1 [Lαq(ρ)]2 dρ.

Standard orthogonality relations for Laguerre polynomials involve the weight function e−ρρα. However,
our integrand has an extra factor of ρ (since ρα+1 = ρ · ρα). We use the standard identity for this
specific moment: ∫∞

0
e−ρρα+1 [Lαq(ρ)]2 dρ =

(q+ α)!
q! (2q+ α+ 1). (B.3)

Step 3: Calculating the Values. Substitute our specific indices q = n− ℓ− 1 and α = 2ℓ+ 1 into
the identity terms:

• Factorial term: (q+ α)! = (n− ℓ− 1+ 2ℓ+ 1)! = (n+ ℓ)!.

• Denominator: q! = (n− ℓ− 1)!.

• Linear term: 2q+ α+ 1 = 2(n− ℓ− 1) + (2ℓ+ 1) + 1 = 2n− 2ℓ− 2+ 2ℓ+ 2 = 2n.
Thus, the value of the integral is:

I =
(n+ ℓ)!

(n− ℓ− 1)!(2n).
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Step 4: Solving for Nnℓ. Substitute the value of I back into the normalization equation:

1 = |Nnℓ|
2
(na0
2Z

)3 [ 2n(n+ ℓ)!
(n− ℓ− 1)!

]
.

Solving for |Nnℓ|2:

|Nnℓ|
2 =

(
2Z
na0

)3 (n− ℓ− 1)!
2n(n+ ℓ)! .

Taking the square root (and choosing the real positive phase convention):

Nnℓ =

(
2Z
na0

)3/2
√

(n− ℓ− 1)!
2n(n+ ℓ)! . (B.4)

This confirms the normalization constant presented in Section 5.6.
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